INTRODUCTION
Boundary layer theory is without doubt one of the most successful approximations in the history of fluid mechanics. This is certainly true for Newtonian fluids 1) but for non-Newtonian fluids, the theory is still regarded as incomplete. [2] [3] [4] [5] [6] [7] [8] [9] [10] A major obstacle in extending the theory to non-Newtonian fluids is in the diversity of their constitutive behavior meaning that each fluid model should be treated separately. Furthermore, the nonlinearity introduced by their shear-dependent viscosity and/or elasticity often gives rise to a formidable mathematical task which cannot be solved, at times, even numerically. Understandably, the situation becomes much more complicated when the viscosity of the fluid is time-dependent (e.g., when the fluid is thixotropic).
Such fluid systems are quite frequent in industrial applications
(e.g., drilling muds) with the common effect being that their viscosity drops with the progress of time at any given shear rate. 11, 12) Due to the complexity of their rheological behavior, working with thixotropic fluids is not an easy task. A major problem is the lack of a robust and easy-to-use rheological model which can describe such behavior. Among different rheological models available to represent such fluid systems
Harris model is without doubt one of the simplest ones, albeit admittedly not the best one. 13, 14) Interestingly, the model In the present work, Sakiadis flow of a shear-thinning fluid obeying Harris rheological model is investigated analytically. Assuming that the flow is occurring at high Reynolds number, use will be made of the boundary layer theory to simplify the equations of motion. The equations so obtained are then reduced to a single fourth-order ODE using a suitable similarity variable. The homotopy analysis method (HAM) is used to solve the fourth-order nonlinear equation so obtained using the Mathematica software. The material parameters appearing in the Harris model are shown to be responsible for the lack of a self-similar solution, but fortunately the flow is shown to render itself to a local similarity solution. The results show that for the Harris model to represent shear-thinning fluids, the sign and magnitude of the material parameters appearing in this tricky rheological model should be carefully selected. 
MATHEMATICAL FORMULATION
As mentioned above, the main objective of the present work is to investigate the effects of the parameters appearing in the isothermal condition, the governing equations are:
where it has tacitly been assumed that there is no pressure gradient involved anywhere in the flow.
The Harris Rheological Model
In the present work, we have decided to rely on the Harris model for representing the rheology of the shear-thinning fluid of interest. 13, 14) This rheological model represents purelyviscous fluids so that we have,
where the viscosity is a function of time. In this equation, II 2d is the second invariant of the deformation-rate tensor and is defined by,
In the Harris model, in its most general form, the viscosity is related to II 2d through the following equation
where D/Dt is the material derivative, and R 1 and R 2 are model parameters. In his book 13) Harris argues that the model can represent thixotropic fluids on the condition that the model parameters, R 1 and/or R 2 , are allowed to be time-dependent. boundary condition, we assume that far from the plate (i.e.,
outside the boundary layer) the fluid is stress-free. Therefore, we have at our disposal the following four physical boundary conditions:
Since the flow is incompressible and two-dimensional, the concept of stream function ψ(x,y) can be invoked such that we have: u = ∂ψ/∂y, v = -∂ψ/∂x. Now, in a search for a similarity solution, like Harris 14) the following similarity variable can be introduced:
where v 0 = µ 0 /ρ. With this similarity variable, the stream function can be made dimensionless as,
In the terms of the dimensionless stream function, f, Eq. 6
becomes (see Ref. 16 for the details):
where K 1 and K 2 are dimensionless variables related to R 1 and R 2 by:
As can be seen from the above relationships, K 1 and K 2 are both function of x. Therefore, it can be concluded that, unlike power-law fluids for which a self-similar solution does exist, Harris fluid lacks a self-similar solution in Sakiadis flow.
Sincce the flow lacks a self-similar solution, therefore we look for a local similarity solution. Such a solution, if it can be found, is still valuable in that it can enable us to investigate the effects of shear-thinning on the velocity profile above the moving plate. Having found the velocity profile, one can then proceed with calculating the wall shear stress as 16) , (12) where, based on Eq. (5), we have,
In terms of "f " the wall shear stress can be written as: (14) From this equation it can be concluded that at a given x location, the wall shear stress is affected directly by R 1 but only indirectly by R 2 (i.e., through f"(0)).
METHOD OF SOLUTION
In the present work we try to find an analytical solution for Eq. (10) albeit admittedly it looks too formidable. In order to investigate separate effects of R 1 and R 2 on the velocity profile and wall shear stress at a given location along the plate, we focus on the two asymptotic cases of K 1 = 0 and K 2 = 0.
Due to strong non-linear nature of Eq. (10), we rely on the homotopy analysis method (HAM) for this purpose.
Zeroth-Order Deformation Equation
Liao 17) has developed an efficient analytical method for solving highly non-linear differential equations named the homotopy analysis method. Following Liao, we express f (η)
by a set of base functions as:
where we have,
with a m,n being coefficients and b > 0 being a spatial -scale parameter. This provides us with the so-called rule-of-solution expression for f (η). According to this rule we choose:
As the initial guess for f (η) we set:
and (18) respectively for K 2 = 0 and K 1 = 0. We then introduce the auxiliary linear operator, which has the following properties:
and (19) respectively for K 2 = 0 and K 1 = 0, where C 1 , C 2 , C 3 and C 4 are constants. Based on Eq. (10), we are led to define the following nonlinear operators:
and (20) respectively for K 2 = 0 and K 1 = 0. Now we construct the socalled zeroth-order equation as:
where h is an auxiliary parameter subject to the following boundary conditions:
and (22) where q ∈ [0,1] is an embedding parameter. Obviously, when q = 0 and q = 1, the above zeroth-order deformation have the solutions:
and (24) respectively. Thus as q increases from 0 to 1, Φ(η;q) varies from the initial guess f 0 (η) to the solution f(η). So, expanding Φ(η;q) in a Taylor's series with respect to the embedding parameter q, we have:
where (26) Note that the above equation contains the auxiliary parameter. Assuming that it is properly chosen so that the proposed series is convergent at q = 1, we obtain:
High-Order Deformation Equation
For simplicity we define the vector:
Differentiating the zeroth-order deformation equation k times with respect to q, then setting q = 0, and finally dividing them by k!, we obtain the k th -order deformation equations as:
subject to the boundary conditions:
And (31) where,
and (33) Note that R k ( f (17) and (18) 
RESULTS AND DISCUSSIONS
The code developed in the present work had to be verified first and this was easily done by comparing its output for the Having verified the code, it was then used to investigate the separate effects of K 1 and K 2 on the velocity profile and wall shear stress at a given location above the plate. Figure 3 shows the results obtained for the velocity profiles, f', as a function of K 1 for the case of K 2 = 0. This figure also includes the Newtonian case for comparison purposes. As mentioned above, R 1 is a positive number which means that K 1 is a negative number (see Eq. 11). As can be seen in Fig.   3 , by an increase in K 1 fluid velocity is decreased at any given location above the plate. That is to say that, the magnitude of the material constant R 1 in the Harris model has a retarding effect on the velocity imparted to the fluid above the sheet. Figure 4 shows the effect of K 1 on f" profile for the case of K 2 = 0 (obtained when h -= -0.5, and b = +0.5). As can be seen in this figure, the effect of K 1 on f" is non-monotonic. Of particular importance is the magnitude of f"(0) at the wall as it is related to the wall shear stress through Eq. 14. As can be seen in Fig. 4 , f"(0) is increased by an increase in K 1 . Thus, an increase in the wall shear is expected to arise when K 1 is increased. Figure 5 shows that this is indeed the case. Still, this prediction looks puzzling at first sight because an increase in K 1 (for K 2 = 0) is tantamount to saying that the viscosity when h -= -1.8, and b = +0.65). This figure also includes the Newtonian case for comparison purposes. From Fig. 6 it can be concluded that the sign of K 2 has a strong effect on the velocity profile. That is, for K 2 > 0 velocity is increased at any given location above the plate, but for K 2 < 0 its effect is reversed. Figure 7 shows the effect of K 2 on f" for the case of K 1 = 0.
Effect of K 1
As can be seen in this figure. The effect of K 2 on f" is nonmonotonic regardless of its sign. From this figure, we can obtain f"(0) which provides us with the wall shear stress through the relationship t w = µ 0 f"(0) based on Eq. 14. As can be seen in Fig. 8 , the wall shear stress is decreased by an increase in R 2 provided it is negative. For positive R 2 an increase in its absolute value gives rise to an increase in the absolute value of the wall shear stress. Since shear-thinning is known to lower the force required to pull the sheet 27) one can conclude that R 2 must definitely be negative. A comparison between Fig. 5 and Fig. 8 reveals that the effect of R 2 on the wall shear stress is stronger than the effect of R 1 . Therefore, one can conclude that for the Harris model to comply with experimental results, not only R 2 must be negative but its absolute value should also be larger than R 1 .
CONCLUDING REMARKS
In should be set properly. 
